In this paper, we developed a mathematical model to assess the effect of the constant release policy on population suppression. We found a threshold value of the number of infected males released to guarantee the successful population suppression, above which the wild mosquito population will be eradicated, and below which the wild population will outcompete the released males.
Introduction
Dengue is one of the most common arthropod-borne viral diseases caused by mosquitoes infected by the dengue virus and is pandemic in tropical and subtropical regions of the world. It is estimated that more than 50-100 million infections occur annually in over 100 endemic countries, putting almost half of the world's population at risk. Many species of mosquitoes under the genus Aedes transmit dengue, including A. aegypti, A. albopictus, A. polynesiensis and A. scutellaris etc. Dengue viruses are passed on to humans through the bites of an infective female Aedes mosquito. Without a registered vaccine or other specific treatment for dengue fever, efforts to control or prevent dengue virus transmission are to effectively combat the vector mosquitoes. In addition to pesticide spray to kill mosquitoes, a new strategy has been developed in recent years by releasing mosquitoes carrying bacterium Wolbachia into the natural areas to suppress or replace the wild populations of mosquitoes and block disease transmission.
As a maternally inherited endosymbiotic bacterium, Wolbachia can manipulate host reproduction through a mechanism known as cytoplasmic incompatibility (CI) [9, 11] , which causes the death of embryos produced from fertilization of Wolbachia-uninfected ova by sperm from Wolbachia-infected males. Owing to the ground-breaking work of Xi in 2005 [15, 16] who successfully introduced the Wolbachia infection into A. aegypti and A. albopictus, and as expected, Wolbachia infection blocks the mosquito from transmitting dengue virus. The dynamics of Wolbachia spread in populations has been back in the spotlight since earlier studies [1, 7, 8] . Models of difference and differential equations have been built to explore the temporal and spatial dynamics of Wolbachia spread [2, 4, 5, 6, 10, 13, 17, 18] .
However, almost all the current mathematical models focused on the population replacement, in which a natural mosquito population is replaced by the Wolbachia-infected mosquito population. Besides population replacement, another proposed strategy to aid in controlling the mosquito-borne disease is population suppression, in which a large number of Wolbachia infected males are released to drive all the mated females with these males sterile and then the whole population is suppressed or eradicated. The main purpose of this paper is to develop a model to assess the effect of constant release policy on population suppress, which has not been emphasized in the existing literature.
In our model, the infected males are constantly released to the wild mosquito population. Let I M (t) denote the number of infected males at time t. We assume that the decay rate for I M (t) increases with its own size and the total population size T (t) due to strong competition between adults [10, 17] . Let δ I denote the decay rate constant. Then
where c is the number of constantly released on time t. Let U F (t) and U M (t) denote the numbers of uninfected females and males, respectively. Then T (t) = I M (t) + U F (t) + U M (t). Like I M (t), we assume that U F and U M obey the same type of decay with the decay rate constant δ U . Based on the empirical data, we assume equal sex determination, perfect maternal transmission and complete CI [12, 14] . Let b U be the natural birth rate of uninfected individuals. With random mating, the birth rate for uninfected offsprings is b U if the father is uninfected, but only
if the father is infected. So, we have
It is easily seen that U F (t) = U M (t) for t > 0, as long as
Adding (2) and (3), we obtain the equation for uninfected mosquitoes as
For simplicity, we redefine
Then the model for population suppression with constant release is
As g → 0 when (x, y) → (0, 0), system (5)- (6) is then well-defined in R 2 + = {(x, y) : x ≥ 0, y ≥ 0} with the definition of g(0, 0) = 0. For application purpose, we restrict our discussion on the first quadrant R 2 + only.
Preliminaries

Invariance and Boundedness
Let γ(t) = (x(t), y(t)) denote the orbit defined by (5)- (6) with (x(0), y(0)) ∈ R 2 + . Since g(x, 0) = 0, γ(t) remains on the x-axis if y(0) = 0, and so the x-axis is an invariant set. On the x-axis, the dynamics is fully determined by
for which x = c/δ 1 attracts all solutions x(t) with x(0) > 0. Since f (0, y) = c > 0, the y-axis is not invariant, but x(0) = 0 and y(0) > 0 imply x(t) > 0 for all t > 0. Hence
for all t > 0, where R are positively invariant subjected to the dynamics defined by (5)- (6) .
Furthermore, from (5), it is seen that
and hence y(t) < max{b 2 /δ 2 , y(0)}, which justifies the boundedness of γ(t).
Enumerating the Equilibrium Points
System (5)- (6) has an equilibrium point E 1 = ( c/δ 1 , 0) on the x-axis, and no additional equilibria on axes. A positive equilibrium of (5)- (6) satisfies
Denote a = c/δ 1 and b = b 2 /δ 2 . Then putting x(x + y) = a into (8) we have
combining this with (7) leads to
Putting the above identity back into (7), we have
Let
It follows from F (x) = 3bx 2 + 2ax − ab that there exists a unique positive root of F (x) = 0 given by
Then F (x) has no, one, or two positive roots; that is, system (5)-(6) has no, one, or two positive equilibria if F (x 0 ) > 0, F (x 0 ) = 0, or F (x 0 ) < 0, respectively. It follows from (10) that
Hence
and
. Then Lemma 2.1. Let N denote the number of interior equilibrium points of system (5)-(6) in R 2 +0 . Then N = 0, 1, or 2 and
We label the unique interior equilibrium point when N = 1 as E * (x * , y * ). For N = 2, we label them as E * 1 (x * 1 , y * 1 ) and E * 2 (x * 2 , y * 2 ) with x * 1 < x 0 < x * 2 .
Stability and the Global Dynamics
To determine the stability of the equilibrium points, we first compute the Jacobian matrix of system (5)- (6) [3]
At E 1 ( c/δ 1 , 0), we have
Hence E 1 is locally asymptotically stable. When c > C, the non-existence of interior equilibria implies that E 1 is globally asymptotically stable and we have Theorem 3.1. If the number of constantly release c > C, then the wild population will be wiped out eventually.
Theorem 3.2. When c < C, system (5)- (6) admits two interior equilibria E * 1
and E * 2 , where E * 1 is local asymptotically stable and E * 2 is a saddle point. Proof. It suffices to show that det J(E * 1 ) > 0 and trJ(E * 1 ) < 0 for the stability of E * 1 , and det J(E * 2 ) < 0 for the saddle point E * 2 . Should (x, y) satisfies the equations (7) and (8), we have
This leads to
2 > 0, and hence δ 1 δ 2 det J is a strictly decreasing function with respect to x. Define
We claim that
where x 0 is defined in (11) . In fact, since
Then we have
which completes the proof of (13) . Combing the fact that S(x) is a strictly decreasing function and (13), we have
On the other hand, if (x, y) is one of the interior equilibria, then
Next, we prove that
It suffices to show that J 22 (x 0 ) < 0 owing to the facts that x * 1 < x 0 and J 22 (x) is a strictly increasing function with respect to x. In fact,
and hence
Furthermore,
which always holds. Hence the trace of J at E * 1 is
which implies that E * 1 is local asymptotically stable together with (14) . To prove that E * 2 is a saddle point, firstly, it is easily seen that there is a unique positive zero point for S(x) which is
It is obvious that x 0 < x 1 since S(x 1 ) = 0 < S(x 0 ). To prove that x 1 < x * 1 , it suffices to show that F (x 1 ) < 0. Actually,
Hence, from (16), we have S(x * 2 ) < S(x 1 ) = 0 which implies that det J(E * 2 ) < 0, and E * 2 is a saddle point. (C, y 0 ) . To guarantee the successful population suppression, the number of released infected males c should be greater that c 0 . Otherwise, the suppression will definitely fail.
